Given a group G, the enhanced power graph of G denoted by G e (G), is the graph with vertex set G and two distinct vertices x, y are edge connected in G e (G) if there exists z ∈ G such that x = z m and y = z n , for some m, n ∈ N. In this article, we characterize the enhanced power graph G e
Introduction
Given an algebraic structure S, we can associate this algebraic structure S to a directed or undirected graph in different ways [10] , [18] , [19] . To study algebraic structures using graph theory, different graph has been formulated, namely power graph of semigroup [10] , strong power graph of group [19] , normal subgroup based power graph of group [3] , ideal based zero divisor graph of a ring [18] etc.
The directed power graph of a semigroup was defined by Kelarev and Quinn [15] . Then Chakraborty et. al defined the undirected power graph G(S) of a semigroup S, where the vertex set of the graph is S and two distinct vertices x, y are adjacent if either x = y m or y = x n for some m, n ∈ N. Many researcher generalized the undirected power graph in different ways. Aalipour et. al [2] defined the enhanced power graph of a group G. The enhanced power graph of a group G, is denoted by G e (G), is the graph whose vertex set is the group G and two distinct vertices x, y are edge connected if there exists z ∈ G such that x = z m and y = z n for some m, n ∈ N. In Section 2, some basic structure have been studied. From the definition it follows that G e (G) is complete if G is cyclic. Here we show that the converse also holds. The graph G e (G) contains a cycle if and only if o(a) ≥ 3, for some a ∈ G. As a consequence of this result, all finite group G have been characterized such that G e (G) is bipartite, tree, and star graph. In Section 3, we classify all abelian groups G such that G e (G) satisfies the cone property (details later). If G is a non-abelian group p−group, then G e (G) satisfies the cone property if and only if G is a generalized quarternion group. Complete characterization of the groups G such that the graph G e (G) is planar or Eulerian have been done in Section 4. Note that the identity element e of the group G is adjacent to every other vertex in G e (G). Section 5 is devoted to characterize the deleted enhanced power graph G * e (G), a subgraph of G e (G) obtained by deleting the vertex e.
Definition and basic structure
Throughout this article G stand for a finite group. We denote o(x) to be the order of an element
p|n is a prime,n ∈ N} and π(G) = π(|G|). Let µ(G) ⊂ π e (G) be the set of all maximal element of π e (G) under the divisibility relation.
For any vertex a of the enhanced power graph G e (G) we have a, e ∈< a >. So the graph G e (G) is connected. Let a ∈ G. We denote Gen(a) to be the set of all generators of the cyclic subgroup < a > of G. Then G = a∈G Gen(a). Now we show that the vertices in Gen(a) form a clique in G e (G) for every a ∈ G. In fact, vertices x, y in Gen(a) we have x = a m and y = a n for some m, n ∈ N.
And hence x ∼ y. Suppose that Gen(a) = Gen(b). Let x ∈ Gen(a), y ∈ Gen(b) with x ∼ y. Then there exists z ∈ G such that x, y ∈< z >. Now for any x 1 ∈ Gen(a) and any y 1 ∈ Gen(b) we have < x >=< x 1 >⊂< z > and < y >=< y 1 >⊂< z >. Hence all the vertices in Gen(a) are adjacent with all the vertices in Gen(b).
is adjacent with the vertices in Gen(b) in G e (G).
Proof. Suppose that x ∈ Gen(a) and y ∈ Gen(b) with x ∼ y in G e (G). Then there exists z ∈ G such
. So the cyclic subgroup < z > contains two distinct subgroups of same order. This is a contradiction. Hence the result follows. Proof. First suppose that π e (G) ⊂ {1, 2}. Then for every a ∈ G, Gen(a) contains exactly one element.
Now by the discussion above of the Theorem 2.1 and by the Theorem 2.1, the enhanced power graph G e (G) has no cycle.
Conversely, suppose that a ∈ G such that o(a) ≥ 3. Then |Gen(a)| ≥ 2. So the vertices in Gen(a) with the identity form a cycle. Hence the result.
If G is a finite group such that o(x) = 2 for every non-identity element x of G, then G is abelian
Also a connected graph G is tree if and only if it has no cycle.
Corollary 2.3. Let G be a group. Then the following conditions are equivalent.
1. G e (G) is bipartite;
2. G e (G) is tree;
Proof. Equivalences of (1), (2) and (3) follows directly from Theorem 2.2.
Then each non-identity element of G is of order 2. This implies that Gen(a) = {a}, for each non-identity element a of the group G, and G e (G) is a star graph by Theorem 2.1.
Suppose that G e (G) is a star graph. The identity element e is adjacent to all other vertices in G e (G). Hence no two non-identity elements adjacent in G e (G). This is possible only when order of each non-identity element of G is 2.
A graph Γ is complete if any two vertices of the graph Γ are adjacent. Now we find the condition that the enhanced power graph G e (G) is complete.
Theorem 2.4. The enhanced power graph G e (G) of the group G is complete if and only if G is cyclic.
Proof. Suppose that the group G is cyclic. Then G =< a >, for some a ∈ G. Let x and y be two distinct vertices of G e (G). Then x, y ∈ G =< a >, which implies that x ∼ y in G e (G). Hence the graph G e (G) is complete.
Conversely, suppose that the graph G e (G) is complete. If possible G is non-cyclic. Let x be an element of G such that o(x) is maximum and H =< x >. Now G = H implies that there exists
is maximum, we have < x >=< z >, which leads to contradiction that y ∈< x >. Hence G is cyclic group.
In this section we classify all abelian groups and non-abelian p−groups G such that G e (G) has a vertex other than the identity element, which is adjacent to every vertex. In the context of power graphs, this property has been studied in [7] , [8] . For the sake of smoothness in discussion, we call such a vertex a cone vertex and a graph having a cone vertex is said to satisfy the cone property.
Theorem 3.1. Let G be a finite group and n ∈ N. If gcd(|G|, n) = 1, then the enhanced power graph
Proof. We show that (e, a) is a cone vertex of the graph G e (G), where a is a generator of Z n . Let
, (e, a) ∈< (g, a) > and hence (g, x) ∼ (e, a) in
Now we characterize all finite abelian groups G for which the enhanced power graph G e (G) has a cone vertex. Let us fix a notation Conversely, suppose that the group G has no cyclic Sylow subgroups. Then we show that G e (G)
does not satisfy the cone property. First we note that under the assumption G is of the form
, where k i ≥ 2 and
). Now we claim that for each i ∈ [r]
and for each j 
). Since v is a non-identity element of the Hence the theorem.
Now we turn our attention to the non-abelian groups. First note that, from the Theorem 3.1 we get an infinite family of non-abelian groups which satisfy the cone property but none of these groups are p−groups. So the next natural question that occurs is to classify all non-abelian p−groups G, whose enhanced power graph G e (G) satisfy the cone property. The next theorem completely answers the question. Proof. First assume that G is a generalized quarternion group. So G has a unique minimal subgroup say H =< x >, x ∈ G. And clearly x is of order p. We show that x is a cone element. Let y ∈ G.
Then o(y) = p t , t ∈ N. Since H is unique minimal subgroup we have x ∈< y >. Hence x ∼ y in
Conversely, suppose that G e (G) has a cone element x. We show that, every order p element belongs to the group < x >. For, suppose that v ∈ G is of order p. Since v ∼ x, v, x ∈ C, C cyclic and consequently v ∈< x >. Hence G has a unique subgroup of order p, i. e. G has a unique minimal subgroup and hence G is isomorphic to a generalized quarternion group [6] . We leave the problem of complete classification of non-abelian groups, whose enhanced power graphs satisfy the cone property as an interesting open problem. Proof. Suppose that the graph G e (G) is Eulerian. Since the vertex e is edge connected with every other vertices of the graph G e (G), it follows that the degree of e is n − 1. Now n − 1 is even implies that n is odd.
Conversely assume that n is odd. Then the degree of e in G e (G) is n − 1 and so even. Now we show that the degree of every non-identity element a is even. The vertex set of the enhanced power graph can be written as V (G e (G)) = x∈G Gen(x), where Gen(x) is the collection of all generators of the cyclic subgroup < x >. Now it follows from the discussion before Theorem 2.1, that all the vertices of the graph G e (G) in Gen(x) form a clique and if x ∈ Gen(a), y ∈ Gen(b) with x ∼ y then all the vertices in Gen(a) are adjacent to all the vertices in Gen(b). Since Gen(x) contains φ(o(x))
vertices and every vertex is adjacent to e, so the degree of a vertex a in the graph G e (G) is of the form
Now n is odd implies that o(x) is odd and so φ(o(x)) is even for all x ∈ G. Thus the degree of every vertex of the graph G e (G) is even. Hence the enhanced power graph is Eulerian.
6
In this section we consider the subgraph G * e (G) obtained by deleting the vertex e from the graph G e (G). We call G * e (G) the deleted enhanced power graph. Since the vertex e is adjacent to every other vertices in G e (G) for every group G, so it is expected to get new information on the interplay of the group theoretic properties of G with the graph theoretic properties on consideration of the deleted enhanced power graph G * e (G). For every group G, the graph G e (G) is connected, but G * e (S 3 ) is not connected whereas G * e (Z 6 ) is connected. We prove the following results in this section with the help of the paper [16] .
Theorem 5.1. Let G be a finite p−group. Then the graph G * e (G) is connected if and only if G has a unique minimal subgroup.
Proof. Suppose that G has a unique minimal subgroup, say H. Now |G| = p t implies that |H| = p and H =< x >, where p is prime and x ∈ G. Let y ∈ V (G * e (G)). Then o(y) = p t , for some t ∈ N.
Now o(x) divides o(y) and < x > is the unique minimal subgroup of G implies that < x >⊂< y >.
So x ∼ y. Hence the graph G * e (G) is connected. Conversely suppose the graph G * e (G) is connected. If possible, assume that G has two minimal subgroups < x > and < y >. Then o(x) = o(y) = p implies that x is not adjacent to y, by Theorem 2.1. Since G * e (G) is connected there exists a path say x = x 0 ∼ x 1 ∼ x 2 ∼ · · · ∼ x n = y of least length between x and y. Then n ≥ 2. Now x ∼ x 1 and x 1 ∼ x 2 implies that there exists z 1 , z 2 ∈ G such that x, x 1 ∈< z 1 > and x 1 , x 2 ∈< z 2 >. Again the cyclic subgroup < x > is minimal, so < x >⊂< x 1 >.
i. e. x ∼ x 2 . Again if < x 2 >⊂< x 1 > then < x >⊂< x 1 > and < x 2 >⊂< x 1 > implies that x, x 2 ∈< x 1 >. So x ∼ x 2 , a contradiction. Hence G has a unique minimal subgroup.
Proof. The group Z(G) is abelian, this implies that |µ(Z(G))| = 1. Let µ(Z(G)) = t and g ∈ Z(G), such that o(g) = t. Now we show that for each x ∈ G \ {e} there is a path between x and g.
Case1: Let π(o(x)) = π(t). Since |π(t)| ≥ 2, it follows there are two distinct primes p and q in π(t). Now π(o(x)) = π(t) implies that o(x r ) = p and o(g s ) = q for some natural numbers r, s. Then gcd(o(x r , o(g s ))) = 1 and g ∈ Z(G) implies that . Now o(x r g s ) = pq and x r , g s ∈< x r g s >. Hence we have a path x ∼ x r ∼ g s ∼ g in G * e (G). Case2: Let π(o(x)) = π(t). In this case there exists a prime p ∈ π(o(x))\π(t) or p ∈ π(t)\π(o(x)). similar as above there exists r, s ∈ N such that o(x r ) = q and o(g s ) = p, and we have a path
Hence that graph G * e (G) is connected.
Theorem 5.3. Let |π(G)| ≥ 2 and |Z(G)| = p t for some prime p ∈ π(G). Then the graph G * e (G) is connected if and only if for some non-central element x of order p there exists a non p−element g such that x ∼ g in the graph G * e (G).
Proof. First suppose that the graph G * e (G) is connected. Let if possible, there be a non-central p−element x of order p such that for every non p−element g, x is not edge connected with g. Let z ∈ Z(G) with o(z) = p. Let there is a path P :
x, z are not edge connected in the graph G * e (G). We assume that k > 1. Since x ∈ c 1 there exists z 2 ∈ G such that x, c 1 ∈< z 2 >. Now by assumption c 1 is a p−element of G. Again o(x) = p and x, c 1 ∈< z 2 > implies that < x >⊂< g >.
Conversely, for every non-central element x of order p there exists a non p−element g such that x ∼ g in the graph G * e (G). We show that for each g ∈ G \ Z(G) there is a path from g to each non-trivial element of Z(G).
Case1: First suppose that g is not a p−element. Suppose q ∈ π(G) \ {p} such that q divides o(g) and o(g t ) = q, for some t ∈ N. Let z ∈ Z(G) and o(z) = p r , r ∈ N. Now proceeding as the first part we have g ∼ g t ∼ z.
Case2: Let g is a p−element. Then there is a positive integer s such that o(g s ) = p. Let x be á p−element of G, then x ∼ g s ∼ g. Now x is not a p−element, so by case1 there is a path between x and any non-trivial element of Z(G). Hence there is a path g and every non-trivial element of Z(G).
Now suppose that g s does not belong to Z(G). Now by assumption there is a non p−element x 1 in G such that g s ∼ x 1 . Again g ∼ g s ∼ x 1 . So by case1 there is a path between g and all non-trivial elements in Z(G).
Theorem 5.4. The following conditions are equivalent.
1. o(a) < 4 for every a ∈ G;
2. G * e (G) has no cycle;
3. G * e (G) is bipartite;
4. G * e (G) is a forest.
Proof. Equivalences of (2), (4) and (3) are direct.
(1) ⇒ (2): Suppose that o(a) < 4 for every a ∈ G. Since every finite cyclic group has unique subgroup of a particular order, so two element of order 2 can not be adjacent in G * e (G). Since G has no element of order 6, so an element of order 2 can not be adjacent with an element of order 3. Also it follows from Theorem 2.1 that an element of order 3 can not be adjacent with other two elements of order 3. Hence G * e (G) can not have any cycle. (2) ⇒ (1): If G has an element a such that o(a) ≥ 4, then a ∼ a 2 ∼ a 3 ∼ a is a cycle in G * e (G).
Open problem: Characterize all finite non-abelian groups G such that G e (G) has the cone property.
